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Abstract
Assessing a student’s knowledge state accurately and efficiently
remains a fundamental yet unsolved challenge in intelligent tu-
toring systems. Existing approaches treat assessment as a static
prediction task over pre-defined test sets and provide limited sup-
port for adaptive, interaction-efficient evaluation during learning.
Although recent advances in LLM-based simulation have enabled
the modeling of educational content and learner behavior, standard-
ized testbeds for systematically studying interactive assessment
remain scarce. In this work, we formalize personalized interactive
knowledge assessment under explicit interaction budgets and intro-
duce SAGE, a novel framework for Student Assessment via Graph
Exploration. SAGE constructs knowledge graphs from real edu-
cational materials across multiple domains, defines overlapping
local knowledge regions for context-aware question generation,
and simulates learner interaction trajectories. Evaluating various
methods on SAGE datasets, we find that techniques leveraging
graph structure and interaction history consistently outperform
baselines, while performance remains highly sensitive to individual
learner characteristics—an important open challenge. We release
SAGE to accelerate the development of interaction-efficient meth-
ods for precise and personalized assessment in education. Our data
and code are available at Link.
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→ Computer-assisted instruction.

Keywords
AI for Education, Personalization, Intelligent Learning Systems

ACM Reference Format:
Manzi Fabrice Niyigaba, Xuyuan Liu, Thomas Thesen, and Yujun Yan. 2026.
SAGE: A Synthetic Graph Framework for Personalized Student Knowledge-
State Modeling. In Proceedings of ACM SIGKDD Conference on Knowledge

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than the
author(s) must be honored. Abstracting with credit is permitted. To copy otherwise, or
republish, to post on servers or to redistribute to lists, requires prior specific permission
and/or a fee. Request permissions from permissions@acm.org.
KDD ’26, Jeju Island, South Korea
© 2026 Copyright held by the owner/author(s). Publication rights licensed to ACM.
ACM ISBN 978-1-4503-XXXX-X/2018/06
https://doi.org/XXXXXXX.XXXXXXX

Discovery and Data Mining (KDD ’26). ACM, New York, NY, USA, 9 pages.
https://doi.org/XXXXXXX.XXXXXXX

1 Introduction
Assessment shapes how students learn and how instructors teach.
For students preparing for high-stakes exams, self-assessment builds
confidence in the material and clarifies exactly where to focus next.
For instructors, it uncovers real understanding of students, exposes
hidden misconceptions, and shapes what to teach next. In prac-
tice, effective assessment is inherently interactive and adaptive
[9]: instructors continually revise questions based on a student’s
past performance, targeting uncertain or weakly understood con-
cepts [27]. However, this adaptivity is constrained by the cost of
interaction: each additional question demands student effort and
instructional time. Therefore, a truly effective system must infer
a learner’s full knowledge state from only a handful of interac-
tions by asking the most informative questions possible. Despite
these requirements, decades of research in knowledge tracing have
largely treated assessment as a static prediction problem, building
increasingly large next-response predictors [22, 38] on fixed logs of
past student responses [31]. These methods treat learner responses
primarily as observations for prediction, rather than as dynamic
feedback for selecting subsequent questions. Consequently, they
provide limited support for real-time, personalized assessment un-
der tight interaction budgets.

Developing interaction-efficient and personalized assessment
models has long been constrained by a fundamental data bottle-
neck. Real-world assessment logs are often limited in subject cov-
erage, learner diversity, and, most critically, the adaptive interac-
tions needed to study personalized assessment. Collecting such
data at scale is also difficult: without strong adaptive models, it
is hard to generate high-quality adaptive interactions, yet such
models themselves require adaptive interaction data for develop-
ment and evaluation. This creates a persistent chicken-and-egg
problem. Recent advances in LLM-based student simulation [34]
offer a promising way to generate realistic synthetic interaction
data at scale across diverse learner profiles. Building on this, we
break the deadlock by introducing Student Assessment via Graph
Exploration (SAGE), a novel framework for interactive student
knowledge assessment under explicit interaction budgets. SAGE
provides (i) diverse benchmark datasets, (ii) a controlled simulation
environment for learner–assessor interactions, and (iii) strong base-
line methods that establish reproducible performance and enable
systematic comparison of interaction-efficient strategies.

https://github.com/Manzi-Fabrice/SAGE_Benchmark
https://doi.org/XXXXXXX.XXXXXXX
https://doi.org/XXXXXXX.XXXXXXX
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Figure 1: Overview of SAGE framework. It extracts a knowledge graph from a textbook, clusters it into coherent knowledge regions, and
generates questions by conditioning an LLM on each region. Simulated students with diverse profiles answer these questions, and their
responses are used to assess mastery across knowledge regions.

Under a limited interaction budget, what does a student know? To
study this rigorously, we need a structured representation of the
source material, questions grounded in that structure, and learn-
ers whose underlying knowledge can be verified. SAGE provides
all three: concept graphs extracted from real educational materi-
als, questions generated over local graph regions, and simulated
students whose responses follow predefined knowledge profiles.
The resulting question–answer sequences form the SAGE dataset.
This setup supports methods that use interaction histories to select
subsequent questions and update beliefs about a learner’s latent
knowledge state from observed responses. To our knowledge, SAGE
is the first framework to formalize student knowledge assessment
as a graph-structured sequential decision problem under explicit
interaction budgets, reflecting the practical constraints of adap-
tive assessment in educational settings. Taken together, our main
contributions are:
• New problem.We formalize interactive student knowledge as-
sessment as a graph-structured sequential decision problem un-
der explicit query budgets.
• New framework.We introduce SAGE, a domain-agnostic frame-
work built from real STEM textbooks, providing diverse concept
graphs, overlapping knowledge regions, and simulated student
interaction trajectories for standardized evaluation.
• Practical baselines. We provide baseline methods and show
that leveraging graph structure and interaction history yields
strong gains, while exposing an open challenge: sensitivity to
learner profiles and the underlying graph topology.

2 Related Work
LLMs for Educational Content and Student Simulation. LLMs
can extract knowledge graphs from raw text at scale, with meth-
ods spanning multi-turn dialogue, code generation, and agent-
based workflows [33, 37]. More recent extensions tackle billion-
node schemas, domain-specific extraction, and sparse-data set-
tings [1, 3, 19]. In parallel, LLMs have shown surprising fidelity

in simulating human behavior, replicating social routines [21], di-
verse personalities [16], and real experimental outcomes [5]. This
positions them as scalable human simulators [35, 39]. These capa-
bilities have inspired adoption in educational settings, including
personalized assessment, exercise retrieval, tutoring, student profile
simulators, and multi-agent teaching [15, 17]. SAGE builds on these
advances.
Knowledge Tracing and Student Modeling. Knowledge tracing
methods aim to estimate a learner’s mastery from historical ques-
tion responses [6]. Early neural methods used RNNs and memory
networks tomodel temporal learning patterns [22], while later work
incorporated explicit knowledge graphs through GNN-based prop-
agation [20]. More recent LLM-based approaches enrich estimates
of student knowledge with model-generated reasoning traces [25],
leveraging LLMs’ ability to approximate student-like reasoning.
However, these methods are largely trained and evaluated on fixed
historical logs to predict the next response in a pre-recorded se-
quence. Since the logs are static, the question order is fixed in
advance, and the model cannot decide what to ask next. SAGE de-
parts from this paradigm by treating assessment as an interactive
process, where each observed response informs the next question,
allowing the system to recover the learner’s full knowledge state
with far fewer queries.

3 Problem Setup
We study the problem of estimating a student’s knowledge state
over a given text corpus in a sample-efficient manner. Unlike tra-
ditional approaches that rely on static assessments, our goal is to
leverage both the corpus’s implicit knowledge structure and the
student’s interaction trajectory to probe their level of concept mas-
tery. Specifically, we first perform entity and relation extraction to
construct a knowledge graph 𝐺 = (V, E) from the corpus. Atomic
knowledge units are represented as triplets in T = {(ℎ, 𝑟, 𝑡)}, where
ℎ, 𝑡 ∈ V denote head and tail knowledge entities, and 𝑟 ∈ E de-
notes the semantic relation between them. This graph provides an
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explicit representation of concepts and their dependencies, trans-
forming unstructured text into a structured schema. Then, to model
local conceptual structure, for each anchor concept 𝑠 , we define
a localized knowledge region 𝑐 (𝑠) ⊆ V . This region consists of
a cluster of nodes related to 𝑠 and is used to generate test ques-
tions associated with that concept. We also explicitly model student
interactions by jointly modeling the posed question and the stu-
dent’s answer. Specifically, student interactions are represented
as a trajectory I = {𝜏1, . . . , 𝜏𝑇 }, where each interaction is defined
as 𝜏𝑡 = (𝑞𝑡 , 𝑎∗𝑡 , 𝑎𝑡 ). Here, 𝑞𝑡 denotes the question, 𝑎∗𝑡 denotes the
ground truth answer, and 𝑎𝑡 denotes the student’s answer. Our
objective is to accurately infer the student’s latent mastery over the
text corpus based on the interaction trajectory I using a minimal
number of questions.

4 Framework Construction
To instantiate the problem setup defined in Section 3, we introduce
the pipeline shown in Figure 1, which couples an educational agent
with simulated learners. The agent’s workflow can be decomposed
into 3 sub-tasks: (1) extracting a knowledge graph from a textbook,
(2) partitioning it into localized knowledge regions, and (3) gener-
ating region-conditioned questions, which simulated learners then
answer according to predefined mastery profiles. The resulting
question–answer trajectories form the SAGE datasets. We detail
each below.

4.1 Knowledge Graph Construction
We start by transforming an unstructured textbook into a struc-
tured representation of its concepts and their relationships, which
is then used to reason about what a student knows. To achieve
this, we adopt the LLM-based knowledge graph construction frame-
work [19] to extract a knowledge graph from textbook corpora,
where nodes represent knowledge entities and edges capture the
semantic relationships between them. The resulting graphs are
naturally aligned with the pedagogical structure of the source ma-
terial, offering a hierarchical representation of concepts and their
interrelations. Concretely, we partition the textbook into chunks
and merge the resulting per-chunk knowledge graphs into a single
global knowledge graph𝐺𝑖 summarizing the full textbook. To treat
each factual triplet (ℎ, 𝑟, 𝑡) as a single atomic knowledge unit for
assessment, we convert𝐺𝑖 into its line graph 𝐿(𝐺𝑖 ) [11], where each
node corresponds to one full triplet and thus preserves its head-
relation-tail structure. We then embed each triplet using Sentence-
BERT [23], producing semantic node features x𝑢 that capture the
semantics of each knowledge unit and drive the clustering step de-
scribed next. As shown in Table 1, our generated knowledge graphs
cover different subjects and vary in scale and density. We report
further details on the source textbooks used in the Appendix A.

Table 1: Statistics of the constructed knowledge graphs. The graphs
span diverse subjects and vary in scale and density.

ECON CS Pharm Physio
No. of nodes 5,708 7,281 31,736 34,241
No. of edges 35,571 39,665 117,135 420,008
Avg. degree 12.46 10.89 7.38 24.53

4.2 Knowledge Graph Clustering
Each coherent knowledge concept presented in a textbook is sup-
ported by a small set of tightly related triplets, so we partition 𝐿(𝐺𝑖 )
into localized regions, each capturing one such concept to ground
the assessment questions. In this view, a strict single-membership
partition, however, is poorly suited here: foundational concepts
naturally recur across multiple topics in educational content, and
confining a triplet to one region would sever cross-topic links that
are pedagogically essential. To overcome this, we utilize an overlap-
ping clustering approach that allows shared triplets across multiple
regions.

Specifically, we adopt Graph Convolutional Clustering (GCC) [8],
which iteratively updates node representations using the graph
neighborhood information and refines cluster assignments based
on representational similarity. However, since the GCC objective
does not explicitly encourage structural coherence, we augment it
with an additional Newman-Girvan modularity regularizer [10] to
bias clustering toward dense, well-connected regions of the concept
graph, ensuring that each cluster corresponds to a coherent con-
ceptual area. We refer to this formulation as GCChard. We report
how we select the modularity weight 𝜆 in Appendix C.1, where we
observe that our modification of explicitly augmenting GCC with
a modularity regularizer consistently improves clustering quality
across all datasets.

Since GCChard naturally enforces single-membership assign-
ments, we additionally consider three overlapping strategies to
better capture the inherent overlap in domain knowledge: GCCsoft
duplicates the top 𝑝% of nodes with the highest assignment uncer-
tainty, measured as the ratio of the distance to the nearest cluster
centroid over the distance to the second nearest, allowing ambigu-
ous concepts to participate in multiple clusters. Additionally, we
introduce ego-based overlapping strategies; Ego is based on ego-
splitting [7], which creates multiple personas for boundary nodes
by splitting each boundary node into distinct instances, one per
compatible cluster it belongs to. We define a boundary node 𝑢 as
a node with neighbors in more than one cluster and whose em-
bedding lies close to the decision boundary between two cluster
regions in the embedding space. Formally, 𝑢 is a boundary node if
|{𝑐∗ (𝑣) : 𝑣 ∈ N (𝑢)}| ≥ 2 and ∥x𝑢 − 𝝁𝑐2 ∥2 − ∥x𝑢 − 𝝁𝑐1 ∥2 ≤ 𝛿 , where
N(𝑢) denotes the neighbors of𝑢, 𝑐1 = 𝑐 (𝑢) is the primary cluster of
𝑢, 𝑐2 is the nearest alternative cluster, and 𝛿 ≥ 0 controls how close
to the decision boundary a node must be to qualify for duplication.
Among all boundary nodes, we retain the top 𝑝% with the smallest
boundary scores and apply ego-splitting to each, assigning it to
both 𝑐1 and all semantically compatible secondary clusters. Finally,
Egomod further restricts ego-splitting by requiring that splitting
a boundary node improves local modularity. All boundary nodes
are evaluated simultaneously against the original cluster structure,
and a split is accepted only if the normalized modularity gain ex-
ceeds a threshold 𝜀: 𝑄split−𝑄base

deg(𝑢 ) ≥ 𝜀. This constraint ensures that
overlap is introduced only if it satisfies both semantic proximity
and strengthens local structural cohesion.

Metrics. We compare GCCsoft, Ego, and Egomod soft clustering
strategies along four complementary metrics that span structural
quality and downstream utility for question generation. First, we
consider Overlapping modularity 𝑄ov [4] that measures internal
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cohesion adapted to multi-membership assignments. Second, we
adopt Conductance that measures boundary separation, where
lower values indicate well-separated clusters. Third, we use Cover-
age that measures howmuch of the graph’s connectivity is captured
by the clustering. Since the ultimate goal of clustering is to sup-
port question generation, we additionally introduce Duplication
Utility (DU), which measures how often duplicated concepts are
referenced in questions from their secondary clusters. Formal defi-
nitions are provided in Appendix C.2. To summarize performance
across all four dimensions in a single number, we report a Com-
bined score given by the geometric mean of the metrics, defined
as Comb = (𝑄ov · (1 − Cond) · Cov · DU)1/4, where Conductance
is inverted to (1 − Cond) so that all four quantities follow the
convention that higher is better. The geometric mean penalizes
uneven scores, rewarding only strategies that are simultaneously
structurally coherent and pedagogically useful.

Table 2: Clustering quality and duplication utility at duplication
rate = 0.10. Ego methods outperform GCCsoft on duplication utility
and combined score across all three datasets.

Method 𝑄ov ↑ Cond. ↓ Cov. ↑ DU ↑ Comb ↑

ECON GCCsoft 0.70 0.18 0.82 0.07 0.43
Ego 0.66 0.25 0.83 0.16 0.51
Egomod 0.65 0.26 0.84 0.15 0.50

CS GCCsoft 0.76 0.15 0.87 0.08 0.46
Ego 0.68 0.21 0.89 0.20 0.56
Egomod 0.69 0.22 0.89 0.15 0.52

Pharm GCCsoft 0.81 0.13 0.87 0.08 0.47
Ego 0.68 0.20 0.91 0.16 0.53
Egomod 0.68 0.20 0.91 0.16 0.53

As shown in Table 2, GCCsoft achieves the highest scores on
standard clustering metrics such as𝑄ov and conductance. However,
it underperforms on Duplication Utility. This shows that its dupli-
cated nodes are semantically redundant in their secondary clusters
and are largely ignored during question generation. In contrast,
Ego and Egomod duplicate structurally active boundary nodes that
bridge knowledge regions, producing duplications that are effec-
tively utilized, as reflected in their higher DU scores. This suggests
that standard clustering metrics alone might not be sufficient for
evaluating soft clustering in interactive assessment. Based on this
result, we adopt Ego as the default clustering strategy for SAGE,
as it achieves comparable quality to Egomod at substantially lower
computational cost.

4.3 Question Generation
Given the clustered concept regions identified in Section 4.2, the
next task for the educational agent is to generate assessment ques-
tions that evaluate the learner’s mastery of these regions. Recent
work has shown that LLMs can produce high-quality multiple-
choice questions (MCQs) that are often indistinguishable from
human-written ones, even when judged by domain experts [24].
Building on these findings, we leverage LLMs to generate MCQs
conditioned on the concept clusters. We design the prompt fol-
lowing proven strategies that achieve human-comparable question
quality, including instructor role-playing [29], few-shot prompting
with textbook MCQs from the same source [28], and the CTQA [32]
strategy. We instruct the model to match the style, difficulty, and
domain ontology of expert-written assessments. As an additional
consistency check, each generated question is reviewed by a checker

LLM from a different model family. The checker verifies that the
concepts reported by the educational agent are actually reflected
in the question. .

Evaluation. The standard way to evaluate LLM-generated con-
tent is to ask another LLM to score it. However, recent work has
shown this signal to be unreliable. The single token a judge out-
puts as its score can systematically diverge from the underlying
distribution that produced it [30]. Therefore, rather than reading
the judge’s output token directly, we prompt it to rate each ques-
tion on a 0–5 scale along five dimensions, Naturalness, Clarity,
Answerability, Difficulty, and Distractor Quality, and extract the
log-probabilities it assigns to score tokens 0 through 5, recovering
a calibrated signal from the full distribution. To compare against
expert human-written questions, we measure the Wasserstein dis-
tance between SAGE’s score distributions and those of held-out
human-written questions excluded from few-shot prompting, re-
peating the evaluation across judge models from different families
and architectures for robustness.

Naturalness Clarity Answerability Difficulty Distractor Quality
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Figure 2: Wasserstein similarity between SAGE-generated and
human-written questions across five quality dimensions. Across all
dimensions and evaluator LLMs, SAGE-generated questions closely
match human-written ones.

As shown in Figure 2, our method produces questions whose
score distributions closely match those of human-written ques-
tions across all judges and evaluation dimensions. We also noted
that explicitly instructing the model to emulate the language style,
domain ontology, distractor quality, and difficulty level of the few-
shot examples significantly narrows the distribution gap between
LLM-generated and human-written questions.

5 Generative Students
Prior studies show that LLMs can simulate student responses that
closely align with human learners across diverse profiles and dif-
ficulty levels [26, 34]. We adopt the pipeline of [18], which has
demonstrated strong alignment with real student behavior, and
define two mastery states per knowledge region: a student is mas-
tered when they fully understand the relevant concept cluster, and
unmastered otherwise. For each question, the model role-plays a stu-
dent at the assigned mastery level and produces a multiple-choice
selection together with a reasoning trace grounded in the question’s
concept terms.
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5.1 Response Scoring
Given a question 𝑞𝑡 generated from a subset of triplet nodesS𝑡 ⊆ 𝑐𝑡
in cluster 𝑐𝑡 , the student model produces a response (𝑎𝑡 ,X𝑡 ), where
𝑎𝑡 is the selected answer and X𝑡 is the accompanying reasoning
trace. We convert this into node-level signals over the queried
cluster 𝑐𝑡 . For directly tested nodes 𝑣 ∈ S𝑡 , the answer signal is
𝑎𝑡 (𝑣) = +1 if 𝑎𝑡 = 𝑎∗𝑡 and −1 otherwise. An LLM judge analyzes X𝑡
and classifies each node 𝑣 ∈ 𝑐𝑡 as mastered, confused, or unknown,
yielding a reasoning signal 𝑟𝑡 (𝑣) ∈ {+1,−1, 0} defined over all
nodes in the cluster. For each node 𝑣 ∈ 𝑐𝑡 , the combined evidence,
clipped to [−1, 1], is 𝑒𝑡 (𝑣) = 𝑤𝑎𝑎𝑡 (𝑣) + 𝑤𝑟𝑟𝑡 (𝑣) if 𝑣 ∈ S𝑡 and
𝑒𝑡 (𝑣) = 𝑤𝑟𝑟𝑡 (𝑣) if 𝑣 ∈ 𝑐𝑡 \ S𝑡 , where 𝑤𝑎 and 𝑤𝑟 are the answer
and reasoning signal weights respectively. Nodes in S𝑡 receive both
the answer signal and the reasoning signal, while nodes in 𝑐𝑡 \ S𝑡
receive only the reasoning signal.

5.2 Mastery Belief Representation
The per-node evidence 𝑒𝑡 (𝑣) produced in Section 5.1 is accumu-
lated into a Beta-Bernoulli belief at each node, yielding a posterior
estimate of mastery that updates with every interaction. Each con-
cept node 𝑣 ∈ V maintains a Beta-Bernoulli belief initialized at
(𝛼𝑣, 𝛽𝑣) = (1, 1), representing maximum uncertainty. We track
two derived quantities per node: 𝑘𝑣 =

𝛼𝑣−𝛽𝑣
𝛼𝑣+𝛽𝑣 ∈ [−1, 1] and 𝑢𝑣 =√︃

𝛼𝑣𝛽𝑣 /
(
(𝛼𝑣+𝛽𝑣 )2 (𝛼𝑣+𝛽𝑣+1)

)
√
1/12

∈ [0, 1], where 𝑘𝑣 is the signed knowl-

edge estimate and𝑢𝑣 is the normalized uncertainty. After each inter-
action, queried nodes are updated directly: 𝛼𝑣 ← 𝛼𝑣+max(0, 𝑒𝑡 (𝑣))
and 𝛽𝑣 ← 𝛽𝑣 + max(0, −𝑒𝑡 (𝑣)). Positive evidence increments 𝛼𝑣 ,
negative evidence increments 𝛽𝑣 , and zero evidence leaves both
unchanged. Mastery is predicted by thresholding the signed knowl-
edge: 𝑦𝑣 = 1[𝑘𝑣 > 0].

6 Baseline Methods
SAGE supports two key types of methodological development: (1)
belief propagation, deciding how to update mastery beliefs from
observed responses and extend them across the concept graph
to regions not yet queried, and (2) question selection policy,
deciding which knowledge region to query next. We next present
several baselines for each category.

6.1 Mastery-Level Belief Propagation
Without structural guidance, belief updates are confined to di-
rectly queried concepts, leaving unqueried concepts with no evi-
dence. We address this by propagating the signed knowledge vec-
tor k𝑡 = (𝑘𝑣)𝑣∈V across the graph after each interaction. The
propagated signal is: 𝝈𝑡 = Π(k𝑡 ; 𝐺) where Π is a diffusion op-
erator. Unqueried nodes then receive a soft belief update propor-
tional to their graph proximity to the queried set S𝑡 . Letting 𝜔𝑣 =
1/(𝑑 (𝑣,S𝑡 ) + 1) denote the inverse-distance weight and 𝜆 the prop-
agation strength: 𝛼𝑣 ← max(1, 𝛼𝑣 + 𝜆max(0, 𝜎𝑡 (𝑣))𝜔𝑣) and 𝛽𝑣 ←
max(1, 𝛽𝑣 + 𝜆max(0,−𝜎𝑡 (𝑣))𝜔𝑣). Positive propagated signal adds
evidence for mastery, negative signal adds evidence against mas-
tery, and nodes far from the queried set receive weaker updates.
We consider three propagation operators widely used in the graph

learning literature, each with a distinct inductive bias over how be-
liefs spread across the graph. PPR/APPNP [2, 14] applies anchored
local diffusion.Heat Kernel [36] applies smooth isotropic diffusion.
Chebyshev [12] applies finite-hop polynomial diffusion. Further-
more, we consider a Distance-Weighted baseline that applies no
diffusion operator, setting 𝝈𝑡 = k𝑡 and updating unqueried nodes
solely through the inverse-distance weight 𝜔𝑣 = 1/(𝑑 (𝑣,S𝑡 ) + 1),
without spreading beliefs across the graph.

6.2 Question Selection Policy
Since each question probes only a localized set of concepts, the se-
lection policy governs which parts of the knowledge graph are eval-
uated, and thus how efficiently a learner’s mastery state can be in-
ferred. Under a limited query budget, an effective selector should tar-
get the clusters whose mastery is most uncertain, as querying well-
understood ones yields little information. At each step, we score ev-
ery candidate cluster by the total uncertainty it covers and select the
highest. All selectors share a base score summing the uncertainty of
the cluster and its neighborhood, excluding nodes already covered
by previous queries: Base(S𝑡 ) =

∑
𝑣∈S𝑡 𝑢𝑣 + 𝜆cov

∑
𝑣∈𝑅ℎ (S𝑡 )\C𝑡 𝑢𝑣 ,

where 𝑢𝑣 is the uncertainty at node 𝑣 , 𝑅ℎ (S𝑡 ) the ℎ-hop neigh-
borhood of the cluster, and C𝑡 the set of already-covered nodes.
Submodular uses this base score directly, picking the cluster with
the most total uncertainty.

Uncertainty alone may be insufficient, so we ask whether struc-
tural information, such as which clusters lie at mastery bound-
aries, improves selection. We consider three variants, each adding
a structural preference to the base score. Boundary targets clus-
ters with mixed mastery, adding 𝜇

∑
(𝑢,𝑣) ∈𝐸,𝑢,𝑣∈𝑅ℎ (S𝑡 ) 1{𝑘𝑢𝑘𝑣 < 0},

which counts neighborhood edges with one endpoint mastered and
the other not. CutMass favors well-connected clusters, whose an-
swers propagate widely, adding 𝜇cut |{(𝑢, 𝑣) ∈ 𝐸 | 𝑢 ∈ 𝑅ℎ (S𝑡 ), 𝑣 ∉
𝑅ℎ (S𝑡 )}|, the edges leaving the neighborhood. Frontier encourages
outward exploration, prioritizing clusters at the edge of the covered
set by adding 𝜇f

∑
𝑣∈𝑅ℎ (S𝑡 )\C𝑡 𝑢𝑣 1{𝑣 ∈ 𝜕C𝑡 }, the uncertainty at the

covered-set boundary. Finally, Random selects clusters uniformly
without replacement as a non-adaptive baseline.

7 Method Evaluation
Question selection and belief propagation interact directly: the
selector determines which concepts receive direct evidence, and
the propagator determines how that evidence spreads to unqueried
nodes. To isolate the effect of question selection policy and belief
propagation, we adopt a two-stage evaluation: we first fix question
selection to random and compare propagation operators, then fix
the propagator and compare question selectors.

In summary our experiments aim to answer the following re-
search questions:
(Q1) How does exploiting graph structure improve mastery recov-
ery under limited interaction budgets?
(Q2) How does the effectiveness of different diffusion operators
vary across learner profiles and graph structures?
(Q3)Which graph-structural signal most effectively guides question
selection?

For fair comparison, all methods are evaluated on the same
datasets, with performance averaged over three seeds.
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Table 3: Question selection policies (Boundary, Cutmass, Frontier, Submodular) under three propagation operators. Macro-F1 (𝐹𝑎), averaged
over three seeds. Best 𝐹𝑎 per row highlighted. Adaptive question selection consistently improves performance over random selection (Table 4).

Budget PPR/APPNP Heat Kernel Chebyshev

Bnd Cut Frn Sub Bnd Cut Frn Sub Bnd Cut Frn Sub

20%M
Pharm

50 0.564 0.474 0.561 0.567 0.488 0.451 0.489 0.490 0.604 0.482 0.616 0.607
100 0.631 0.508 0.638 0.631 0.531 0.460 0.537 0.537 0.665 0.493 0.683 0.664
200 0.706 0.567 0.715 0.706 0.591 0.472 0.635 0.614 0.725 0.532 0.738 0.722
300 0.735 0.603 0.749 0.736 0.653 0.480 0.706 0.680 0.758 0.567 0.767 0.758

50%M
CS

50 0.592 0.602 0.617 0.598 0.543 0.568 0.577 0.556 0.624 0.603 0.656 0.627
100 0.711 0.581 0.723 0.705 0.654 0.557 0.662 0.656 0.710 0.613 0.730 0.701
200 0.803 0.648 0.824 0.801 0.684 0.611 0.688 0.675 0.752 0.606 0.779 0.753
300 0.832 0.726 0.843 0.828 0.682 0.651 0.681 0.676 0.796 0.610 0.808 0.795

90%M
ECON

50 0.733 0.849 0.686 0.706 0.760 0.875 0.740 0.729 0.648 0.747 0.624 0.629
100 0.801 0.845 0.749 0.778 0.884 0.875 0.876 0.855 0.640 0.737 0.637 0.627
200 0.899 0.909 0.867 0.889 0.957 0.940 0.957 0.956 0.667 0.695 0.642 0.643
300 0.932 0.931 0.909 0.928 0.960 0.957 0.962 0.961 0.671 0.672 0.652 0.660

(Q1) Exploiting graph structure yields substantial gains. As
shown in Table 4, on the propagation axis alone, all three diffusion
operators (PPR/APPNP, Heat Kernel, Chebyshev) consistently out-
perform the Distance Weighted (DW) baseline across every profile
and budget. We attribute these gains to the propagation distribut-
ing evidence into regions of the graph that direct querying alone
cannot reach, which is essential under tight budgets. As shown
in Table 3, pairing diffusion with adaptive selectors further lifts
Macro-𝐹𝑎 above 0.75 across all three datasets with as few as 300
queries. This demonstrates the importance of jointly leveraging
graph structure across both propagation and question selection,
and confirms the central design choice of SAGE.

Table 4: Mastery belief propagation under random question selec-
tion, reportingMacro-F1 (𝐹𝑎) averaged over three seeds. Propagation-
basedmethods consistently outperform the Distance-Weighted (DW)
baseline. Best 𝐹𝑎 per row highlighted.

Budget PPR Heat Cheb DW

20%M
Pharm

50 0.521 0.483 0.643 0.449
100 0.509 0.465 0.621 0.453
300 0.545 0.478 0.567 0.466
500 0.555 0.480 0.547 0.472

50%M
CS

50 0.538 0.466 0.575 0.343
100 0.511 0.455 0.591 0.358
300 0.579 0.453 0.636 0.416
500 0.605 0.444 0.649 0.441

90%M
ECON

50 0.633 0.822 0.590 0.128
100 0.607 0.813 0.551 0.155
300 0.592 0.742 0.545 0.234
500 0.592 0.742 0.549 0.288

(Q2) Diffusion operator effectiveness depends on both the
mastery regime and the graph topology. In Table 4, under low-
mastery regimes (Pharmacology 20%M, Computer Science 50%M)
the locality-preserving operators (PPR/APPNP, Chebyshev) domi-
nate, whereas under high-mastery profiles (Economics 90%M) the
globally isotropic Heat Kernel wins. We attribute this to each oper-
ator’s inductive bias: locality-preserving propagation confines the
positive signal to its true neighborhood, avoiding false positives in
the dominant unmastered class when mastered concepts are rare,
while broad isotropic aggregation reinforces correct labels when

positive evidence is dense. Topology matters too: larger, more het-
erogeneous graphs (Pharmacology) underperform smaller, cohesive
ones (Economics), and the gap persists even with adaptive selection.
This motivates adaptive operators that jointly account for student
profile and local topology.

(Q3) Effective question selection depends on targeting un-
certain concepts outside already-queried regions. Table 3 shows
adaptive selection significantly outperforms random, with Fron-
tier best overall, indicating that pairing uncertainty with outward
expansion into unqueried concepts is most beneficial. Cutmass,
by contrast, underperforms in most settings: it favors structurally
central clusters but ignores the learner’s evolving belief state, re-
inforcing that effective selection must combine belief state with
topology, as neither alone suffices. Under high-mastery profiles
the gap between selectors shrinks, as positive evidence is dense
enough for any selector to recover the state. Still, performance
stays sensitive to the learner profile: even the best methods recover
mastery far better on small graphs where mastery is the majority
and struggle on large heterogeneous graphs when mastery is rare,
an open challenge.

8 Conclusion
We study interactive student knowledge assessment and introduce
SAGE, a framework that formulates assessment as adaptive query-
ing over graph-structured knowledge spaces under explicit inter-
action budgets. SAGE deploys an educational agent to construct
textbook-derived knowledge graphs, cluster localized knowledge
regions, and generate questions conditioned on these regions, then
simulates learner interactions to support standardized evaluation of
assessment accuracy and query efficiency. Evaluating across knowl-
edge graphs from multiple domains, diverse learner profiles, and
a range of querying strategies, we show that methods leveraging
graph structure and propagating signals across related concepts
outperform baselines. Our results also expose clear limitations of ex-
istingmethods, notably degraded recovery of the minority mastered
class under skewed distributions, highlighting an open challenge
for robust, interaction-efficient assessment. SAGE thus provides a
general framework for developing and comparing adaptive algo-
rithms that recover student knowledge under limited interactions.
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A Textbooks Used for Graph Construction
Table 5 lists the publicly available textbooks used as sourcematerials
for knowledge graph construction. The resulting graphs (Table 1)
vary in scale and density, from the 5,708-node Economics graph to
the 34,241-node Physiology graph. Although we use textbooks, the
framework applies equally to other resources such as lecture notes
and slides.

Table 5: Textbooks used for knowledge graph construction.

Domain Abbr. Textbook
Economics ECON Principles of Economics, Mankiw
CS CS Data Communications and Networking,

Forouzan
Pharmacology Pharm Basic & Clinical Pharmacology, Katzung et al.
Physiology Physio Guyton and Hall Medical Physiology, Hall

B Comparison with Knowledge Tracing
Methods

SAGE differs fundamentally from existing knowledge tracing fami-
lies. DKT [22] (LSTM over concept-response pairs), DKVMN [38]
(key-value memory), GKT [20] (GNN propagation over expert-
tagged skills), and recent LLM-based methods [25] all perform
next-response prediction on offline logs and assume a flat or expert-
curated concept space with each concept assessed repeatedly, typi-
cally requiring 10K+ annotated interaction turns to reach a stable
ceiling. These assumptions are incompatible with our setting, where
questions are generated over thousands of automatically extracted
triplet nodes, each queried once under a strict budget. In contrast,
SAGE obtains solid mastery estimates from as few as 50–300 adap-
tive queries, reflecting the real-world constraint the benchmark
models.

C Clustering
C.1 Hyperparameter Selection for GCC
We select the propagation power and modularity weight 𝜆 for
GCChard in two stages. Stage 1 is a coarse joint search over power
∈ {5, 10, 15, 20, 25} and 𝜆 ∈ {0, 0.001, 0.01, 0.1, 0.5, 1.0} (3 runs, 50
iters); power is evenly spaced across local/global regimes, 𝜆 log-
spaced with 0 as a no-regularization baseline. Stage 2 refines around
the top-3 combinations within ±2 power and a ×4 𝜆 range (5 runs,
100 iters). All are scored by𝑄 + silhouette− conductance. Modular-
ity regularization contributes meaningfully to quality; final values
are in Table 6.

Table 6: Selected GCC hyperparameters per domain.

Dataset power 𝜆 𝑄 Silh. Cond. Score
Physiology 27 0.075 0.773 0.290 0.227 0.836
CS 26 0.075 0.783 0.312 0.137 0.958
Economics 25 0.050 0.737 0.244 0.163 0.818
Pharm 27 0.075 0.837 0.255 0.118 0.974

C.2 Soft Clustering Evaluation Metrics
Weuse fourmetrics.Overlappingmodularity [4],𝑄ov =

∑
𝑐

∑
𝑖, 𝑗∈𝑐 (𝐴𝑖 𝑗−

𝑘𝑖𝑘 𝑗/2𝑚)𝑂−1𝑖 𝑂−1𝑗 (𝑂𝑖 : clusters containing node 𝑖), and conduc-
tance [13], 𝜙 (𝑐) = 𝐸out𝑐 /(2𝐸in𝑐 + 𝐸out𝑐 ), measure community struc-
ture and separation (higher 𝑄ov, lower 𝜙 are better). Coverage,
Cov = |{(𝑖, 𝑗) ∈ 𝐸 : M(𝑖) ∩ M( 𝑗) ≠ ∅}|/|𝐸 |, is the fraction
of edges whose endpoints share a cluster. Duplication utility,
DU(𝑢) = 1

|M(𝑢 ) |
∑
𝑐∈M(𝑢 ) |{𝑞 ∈ 𝑄𝑐 : 𝑢 ∈ 𝑞}|/𝐾 , measures how con-

sistently a duplicated node 𝑢 is referenced across the 𝐾 questions
of its clusters, justifying its placement.

D Belief Propagation and Question Selection
D.1 Diffusion Operator Formulations
PPR/APPNP [2, 14]: anchored local diffusion via 𝑟 (𝐼 − (1− 𝑟 )𝐴)−1,
𝐴 = 𝐷−1𝐴, with restart 𝑟 controlling anchoring near queried nodes.
Heat Kernel [36]: isotropic diffusion via 𝑒−𝑡𝐿 , 𝐿 = 𝐷 − 𝐴, with
time 𝑡 setting the spread radius. Chebyshev [12]: finite-hop poly-
nomial diffusion

∑𝐾
𝑗=0 𝑐 𝑗𝑇𝑗 (𝐿̃), limited to a 𝐾-hop neighborhood.
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Distance-Weighted (DW): no diffusion; sets 𝝈𝑡 = k𝑡 and updates
unqueried nodes via𝑤𝑣 = 1/(𝑑 (𝑣,S𝑡 ) + 1). Table 4 shows propaga-
tion operators consistently beat DW, with performance best on the
smaller Economics graph, then CS, then Pharmacology.

D.2 Sensitivity to LLM Choice
To rule out self-preference bias from using one model in all roles, we
compare a single-model pipeline (gpt-oss-120b generates, answers,
judges) against a cross-model one (gpt-oss generates, Qwen2.5-
72B answers, Llama-3.3-70B judges) on CS at 50%M with PPR and
Frontier. Macro-F1 differs by under 0.03 at every budget (Table 7),
indicating SAGE’s findings reflect methodological design rather
than single-model artifacts.

Table 7: Sensitivity to LLM choice (CS, 50%M, PPR + Frontier).

Budget Single (gpt-oss) Cross
(oss/Qwen/Llama)

Δ

50 0.617 0.632 +0.015
100 0.723 0.710 −0.013
200 0.824 0.797 −0.027
300 0.843 0.824 −0.019

D.3 Reproducibility
Table 8 lists all hyperparameters, obtained via grid search over the
four mastery profiles, selecting the configuration maximizing mean
Macro-F1 for robustness across profiles.

Table 8: Hyperparameters for all methods.

Component Parameter Value
PPR/APPNP 𝑟, 𝜆 0.15, 0.1
Heat Kernel 𝑡, 𝜆 1.0, 0.1
Chebyshev 𝐾, 𝜆 3, 0.1
All selectors 𝜆cov, ℎ 0.3, 1
Boundary 𝜇 0.4
CutMass 𝜇cut 0.25
Frontier 𝜇𝑓 0.5
Response scoring 𝑤𝑎, 𝑤𝑟 0.75, 0.25
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